This paper presents an evaluation of a derivative-free adaptive controller with optimal control modification on the NASA Generic Transport Model. The proposed controller has a derivative-free form which is expected to provide faster adaptation and smoother error transients particularly for situations where GTM dynamics undergo a sudden change. This paper shows that robustness is improved while preserving tracking performance under severe uncertainties and failures by employing optimal control modification.
I. Introduction
Research in adaptive control is highly motivated by the presence of modeling error due to idealized assumptions and model simplifications. Although robust controllers can deal with model error to some degree, they may fail to achieve performance specification when high levels of uncertainty are present due to failures or damage. On the other hand, adaptive controllers are able to cope with these types of system uncertainties effectively. Furthermore, they require less modeling information than do robust controllers. This makes adaptive control an important approach for engineering applications.
In recent decades methods of adaptive control design have received a great deal of attention (see Refs. 1-13, and references therein). All these methods have in common the underlying assumption that there exists a constant, but unknown, ideal set of weights. Although this assumption seems reasonable and these adaptive controllers work well on many systems, in some failure modes they may require the use of unrealistically high adaptation gain or may fail to achieve the desired level of performance in terms of failure recovery. Adaptive controllers that require high gain can excite unmodeled dynamics, typically exhibit an excessive amount of control activity 14, 15 , amplify the effect of sensor noise, and increase sensitivity to time delays 16 .
In Ref. 17 a derivative-free model reference adaptive control (DF-MRAC) law was presented which uses the information contained in delayed weight estimates and the information of current system states and errors. This approach relaxes the assumption of constant unknown ideal weights to the existence of timevarying weights, such that fast and possibly discontinuous variation in weights are allowed. The proposed DF-MRAC law is advantageous for applications to systems that can undergo a sudden change in dynamics, such as might be due to reconfiguration, deployment of a payload, docking, or structural damage. The error dynamics are shown to to be uniformly ultimately bounded using a Lyapunov-Krasovskii functional, without employing modification terms in the adaptive law. For the special case of constant unknown ideal weights it is shown that the state tracking error dynamics are asymptotically stable. Furthermore, it is shown how to employ various modification terms 13, [18] [19] [20] [21] [22] [23] when desirable for further improving the performance and robustness of the adaptively controlled system. In Ref. 24 , DF-MRAC was applied to NASA Generic Transport Model (GTM) 25 and shown to provide a superior performance in comparison to a conventional adaptive law, when it is evaluated for a variety of cases in which there is a sudden or rapidly varying set of dynamics. In Ref. 26 , DF-MRAC was experimentally evaluated on twin-engine unmanned aerial vehicle (TwinSTAR), and it is shown to compensate for unknown nonlinearities and uncertainties. The DF-MRAC law has also been successfully flight tested on NASA Airborne Subscale Transport Aircraft Research (AirSTAR) flight test vehicle, and the results are reported in Refs. 27, 28.
In certain applications, fast adaptation is needed in order to improve tracking performance when a system is subject to a large uncertainty such as structural damage to an aircraft that could cause large changes in aerodynamic derivatives. In these situations, a high adaptive gain or learning rate must be used in the adaptive controller in order to reduce the tracking error rapidly. For this purpose, an optimal control modification (OCM) to adaptive control was proposed in Refs. 20, 21. This method can achieve fast adaptation without incurring high frequency oscillations due to high adaptation gain. This approach to adaptive control modification is based on the minimization of the squares of the tracking error, which was formulated as an optimal control problem. It has been shown that this modification term when combined with a conventional adaptive law results in uniform ultimate boundedness of the error dynamics by using standard results from Lyapunov's direct method. Furthermore, it has been shown that a conventional adaptive law becomes more robust when this modification term is employed.
Motivated by the advantages separately offered by DF-MRAC and OCM, this paper proposes a DF-MRAC law with OCM. The proposed method is evaluated using the NASA GTM model.
II. DF-MRAC with Optimal Control Modification
This section presents a DF-MRAC law with optimal control modification. For this purpose, we first overview the recent results on DF-MRAC, and then give the proposed controller.
A. DF-MRAC Architecture
Consider the controlled nonlinear uncertain dynamical system given bẏ
where x(t) ∈ R n is the state vector, u(t) ∈ R m is the control input, A ∈ R n×n and B ∈ R n×m are known matrices, and ∆ : R n → R m is a matched uncertainty. Furthermore, we assume that the pair (A, B) is controllable, the full state is available for feedback, and the control input u(t) is restricted to the class of admissible controls consisting of measurable functions.
The reference model is given byẋ
where x m (t) ∈ R n is the reference state vector, r(t) ∈ R r is a bounded piecewise continuous reference input, A m ∈ R n×n is Hurwitz, and B m ∈ R n×r with r ≤ m. Since r(t) is bounded, it follows that x m is uniformly bounded for all x m (0). Assumption 2.1. The matched uncertainty in (1) can be linearly parameterized as
where W (t) ∈ R s×m is an unknown time-varying weight matrix that satisfies W (t) ≤ w * and β : R n → R s is a vector of known functions of the form
Remark 2.1. Assumption 2.1 expands the class of uncertainties that can be represented by a given set of basis functions. That is, an adaptive law designed subject to Assumption 2.1 can be more effective than an adaptive law designed subject to
where W ∈ R s×m is the unknown constant weight matrix and x is an element of the compact set D x ⊂ R n , in canceling a wider class of uncertainties, due to the fact that time-variation is allowed in the unknown ideal weight matrix.
Remark 2.2. Assumption 2.1 does not place any restriction on the time derivative of the weight matrix.
Consider the following feedback control law
where u n (t) is a nominal feedback control given by
where K 1 ∈ R m×n and K 2 ∈ R m×r are nominal control gains such that A + BK 1 is Hurwitz, and u ad (t) is the adaptive feedback control component given by
whereŴ (t) ∈ R s×m is an estimate of W (t) satisfying the derivative-free weight update laŵ
where τ > 0, and
with
is the state tracking error, and P ∈ R n×n is the positive-definite solution of the Lyapunov equation
for any Q = Q T > 0.
Assumption 2.2.
A m and B m in (2) are chosen so that:
The dynamics in (1) can be written aṡ
is the weight update error. The state tracking error and weight update error dynamics can likewise be written asė
where
with ||Ω 2 (t)|| ≤ δ * and δ * = w
The following theorem is proven in Ref. 17 .
Theorem 2.1. Consider the controlled nonlinear uncertain dynamical system given by (1) subject to Assumption 3.1. Consider, in addition, the feedback control law given by (5), with the nominal feedback control component given by (6) subject to Assumption 2.2, and with the adaptive feedback control component given by (7) that has a derivative-free weight update law in the form given by (8) with (9) and (10) . Then, e(t) andW (t) are UUB.
Remark 2.3. Using a 1
st order Euler method for integration in a conventional weight update laẇ
with τ s being the step size results in
This form of weight update law is identical to the DF-MRAC law in (8) , if Ω 1 = I, κ 2 = γτ s , and τ = τ s , with the exception that the choice Ω 1 = I is not permitted in DF-MRAC. In DF-MRAC, Ω 1 can be chosen, for example, as ςI where 0 < |ς| < 1, and τ is not necessarily equal to τ s . This added dimension in the tuning process provides memory to the adaptive law, and can be employed to improve transient behavior without increasing the effective adaptation gain.
Remark 2.4. The derivative-free weight update law given by (8) subject to (9) and (10) does not require a modification term to prove the error dynamics, including the weight errors, are UUB. Remark 2.8. DF-MRAC does not employ an integrator in its weight update law. This is advantageous from the perspective of augmenting a nominal controller that employs integral action, so as to avoid a con-flict that arises with the integral action naturally present in derivative-based adpative control law. Ref. 17 provides an example of this conflict.
B. Optimal Control Modification
This section combines OCM proposed in Refs. 20, 21 with the DF-MRAC law given by (8) . OCM seeks a solution that minimizes the norm of the tracking error using the cost function
(e(t) − e(t f )) T Q(e(t) − e(t f ))dt (22) subject to (17) , where e t represents e(t) over the time interval 0 to t f and Q is defined in (12) . It follows from Proposition 2 of Ref. 20 that a conventional weight update law with optimal control modification is given byẆ
where the second term in (23) represents the optimal control modification term.
Remark 2.8. The effect of the optimal control modification is to damp the weight update law so as to reduce high frequency oscillations in the weights. The damping term requires persistent excitation which is defined by the product term β(x(t))β T (x(t)).
Remark 2.9. It is shown in Theorem 2 of Ref. 20 that with fast adaptation, i.e., γ ≫ 1, and β T (x(t))β(x(t)) > 0, the state tracking error dynamics can be approximated bẏ
for η = 1. In this case, the closed-loop error system guarantees a phase margin of π/2.
Following the approach outlined in Ref. 20 , the DF-MRAC law with optimal control modification can be equivalently given asŴ
where τ > 0, and Ω 1 ∈ R s×s andΩ 2 : R n ×R n → R s×m satisfy (9) and (10), respectively, andΩ 3 :
and P ∈ R n×n is the positive-definite solution of the Lyapunov equation given by (12).
Remark 2.10. Remark 2.9 still holds for the derivative-free weight update law with optimal control modification given by (25). That is, with fast adaptation, i.e., κ 2 ≫ 1, and β T (x(t))β(x(t)) > 0, the state tracking error dynamics can be approximated by (24) for η = 1. In this case, the closed-loop error system guarantees a phase margin of π/2. To see this, we rewrite (25) using (10) and (26) aŝ
and then in the limit as κ 2 → ∞ we have
which implies
Hence, the state tracking error becomeṡ
which upon some algebra 20 , can also be written aṡ
where letting η = 1 results in (24) . Then, it follows from the analysis given in Theorem 2 of Ref. 20 that the closed-loop error system guarantees a phase margin of π/2. Here, we showed that DF-MRAC with optimal control modification can achieve fast adaptation without incurring high frequency oscillations due to high gain.
Next, the state tracking error can be written as (17) and the weight update error can be written as
where Ω 2 (t) is defined in (19) . 
III. Evaluation of Proposed Adaptive Controller on NASA GTM
This section evaluates the DF-MRAC law with optimal control modification on NASA GTM. GTM is a high-fidelity scaled transport aircraft model developed by NASA Langley Research Center 25 . A linearized model for GTM at an angle of attack of 2 degrees and 10 4 ft altitude is obtained in the form of (1). The primary sources of uncertainty are any one of a set of possible damage conditions that are included as a part of the modeling in GTM.
A nominal controller is first designed for the linearized model using a robust servomechanism LQR approach that incorporates integral control 31 , with the objective of tracking roll rate, pitch rate, and yaw rate commands. Including the integral states, the linearized GTM model is 9
th -order with the state vector
v(t) w(t) p(t) q(t) r(t) φ(t) θ(t)
T , where q i (t), p i (t), w i (t) are the integrator states; u(t), v(t), w(t) are velocity components; p(t), q(t), r(t) are body angular rates about the roll, pitch and yaw body axes; and φ(t) and θ(t) are roll and pitch attitude, respectively. In this simulation study, tracking of roll and pitch rate commands are considered, and yaw rate command is set to zero. Roll and pitch attitude are not used in the design. Figure 1 shows the performance of the nominal controller under normal operating conditions.
Since this design has redundant actuation and damage conditions that may include loss of one or more actuator channels, it is necessary to generalize the form in (1) tȯ
where G ∈ R M×3 is a control allocation matrix in which M > 3 denotes the number of independent control channels, u n ∈ R 3 is the effective nominal control for the roll, pitch, and yaw axes, respectively, and u a ∈ R M is the adaptive control. Note that while the nominal control law must operate through the control allocation matrix, the adaptive controller has direct access to each independent channel of actuation. The quantity Λ ∈ R M×M is nominally an identity matrix, and loss of actuation is represented by setting one or more of its diagonal elements to zero, and ∆ : R n → R M is the state dependent uncertainty, which primarily enters the p, q, and r state equations. It is used to represent uncertainty in the stability derivatives. In general the portion of the uncertainty that remains matched under actuator failure corresponds to the projection of ∆ onto the column space of BΛ. For aircraft flight control applications the assumption that ∆ remains matched under actuator failure amounts to assuming that BΛ and ∆ primarily influence the moments acting on the aircraft, and that control of moments in all three axes is maintained under actuator failure. For this study only the ailerons and spoilers are independently controlled, so there is a total of M = 7 independent control channels: elevator, left and right ailerons, rudder, left and right spoilers, and stabilizer. Servo dynamics and position and rate limits are included in the model. The stabilizer servo has a relatively low bandwidth and low value for its rate limit, and is useful primarily for maintaining trim in the pitch axis. The nominal control design is performed using BG in place of B in (1) when doing the design.
For the adaptive design, neural network sigmoidal type functions 32 are used in the form β(
T , where β i (x(t)) = (1 + e −xi(t) ) −1 , n = 9, and P in (12) is found by using Q = diag 10 10 10 10 −4 10 −2 10 −3 30 30 15] . The DF-MRAC law considered in this example is in the formŴ
where ϕ 1 = 0.1I 6 , ϕ 2 = diag 10 1 10 10 40 10 , and τ = 0.1 seconds are associated with the DF-MRAC design, andφ 2 = 0.5 is associated with the optimal control modification term when it is employed, otherwisê ϕ 2 = 0.
We consider the missing vertical tail damage scenario, where the entire vertical tail is missing. Therefore, there is a loss in directional stability and a complete loss in rudder control effectiveness 25 . Figure 2 shows that the nominal controller response for this damage case is unstable. Figure 3 shows that the DF-MRAC controller provides upset recovery and satisfactory tracking performance for this damage scenario. Figure  4 shows that the DF-MRAC law with optimal control modification achieves a better performance. Next, we insert time delay in the right aileron channel, in addition to the mission vertical tail damage scenario. Figure 5 shows that the GTM performance with DF-MRAC controller is not satisfactory. Figure 6 shows that optimal control modification improves the time delay margin of the DF-MRAC controller design for this failure case. 
IV. Conclusions
In this paper, we presented a derivative-free adaptive controller with optimal control modification. The proposed controller is particulary useful for situations in which the nature of the system uncertainty cannot be adequately represented by a set of basis functions with unknown constant weightings or for situations in which the ideal weights can undergo a discontinuous change. In addition, this controller improves robustness while preserving the tracking performance due to combining the derivative-free controller with optimal control modification. Evaluation of this controller on NASA GTM illustrates the improvement relative to the derivative-free adaptation when optimal control modification is employed, for a situation in which time delay is present in one of the control channels. 
